Abstract. The canonical basis of cluster algebras of finite type and rank 2 are given clearly in [3] and [12] respectively. In this paper, we will deduce an integral basis of cluster algebras of affine types e An,n, e D and e E. Moreover, in an arbitrary fixed tube for acyclic quivers, we also give a more clearly inductive cluster multiplication formula by using the cluster multiplication theorem in [13] . Thus in our cases, we can easily express the multiplication of any two generalized cluster variables in this fixed tube as a Z−combinatorics of the basis.
Introduction
Cluster algebras were introduced by S. Fomin and A. Zelevinsky [9] in order to develop a combinatorial approach to study problems of total positivity. By the work of [11] , the link between acyclic cluster algebras and representation theory of quivers found its general framework in [1] where the authors introduced the cluster category. Let Q be an acyclic quiver with vertex set Q 0 = {1, 2, · · · , n}. Let A = CQ be the path algebra of Q and we denote by P i the indecomposable projective CQ-module with the simple top S i corresponding to i ∈ Q 0 and I i the indecomposable injective CQ-module with the simple socle S i . Let D b (Q) be the bounded derived category of modCQ with the shift functor T and the AR-translation τ . The cluster category associated to Q is the orbit category C = C(Q) := D b (Q)/F with F = T • τ −1 . Let Q(x 1 , · · · , x n ) be a transcendental extension of Q. The Caldero-Chapton map of an acyclic quiver Q is the map X Q ? : obj(C(Q)) → Q(x 1 , · · · , x n ) defined in [2] by the following rules:
(1) if M is an indecomposable CQ-module, then Here, we denote by −, − the Euler form on CQ-mod and Gr e (M ) is the eGrassmannian of M, i.e. the variety of submodules of M with dimension vector e. We note that the indecomposable CQ-modules and T P i for i ∈ Q 0 exhaust the indecomposable objects of the cluster category C(Q). Let R = (r ij ) be a matrix of size |Q 0 | × |Q 0 | satisfying
for any i, j ∈ Q 0 . The Caldero-Chapton map can be reformulated by the following rules [14] [10]:
(1)
for any projective CQ-module P and any injective CQ-module I; (2)
where M is a CQ-module and R tr is the transpose of the matrix R.
Let AH(Q) be the subalgebra of Q(x 1 , · · · , x n ) generated by {X M , X τ P | M, P ∈ mod − CQ, P is projective}. Let EH(Q) be the subalgebra of AH(Q) generated by {X M | M ∈ ind − C(Q), Ext 1 C (M, M ) = 0 }. When Q is a simply laced Dynkin quiver, AH(Q) is coincides with EH(Q). In [4] , the authors showed a Z-basis of AH(Q). When Q is the Kronecker quiver, AH(Q) is also coincides with EH(Q). In [5] , the authors gave a Z-basis of AH(Q) called the semicanonical basis. When Q is the quiver of type D 4 , AH(Q) is still equal to EH(Q) and a N-basis is given in Section 5.3.
The main goal of this note is to give an integral basis of AH(Q) for an affine quiver Q. We will prove the following theorem. 
where L is any exceptional object in C(Q) but not regular exceptional modules, R is 0 or any regular exceptional module, T is 0 or any indecomposable regular module with self-extension and there are no extension between R and T .
Moreover, in an arbitrary fixed tube for acyclic quivers, we also give some inductive cluster multiplication formulas in Section 6. Our tools are the following cluster multiplication formulas. 
where E is the middle term of the Auslander-Reiten sequence ending in M .
In [7] , the author construct a Z-basis of the cluster algebras referred as the semicanonical basis. It is interesting to compare it to the integral basis in this paper.
Some results on Laurent expansions of generalized cluster variables
In the following, we will suppose that − → Q is one of A n,n , D and E with orientation where every vertex is a sink or a source vertex. 
Proof. 1) If i is a sink point, we have the following short exact sequence:
Then by the cluster multiplication theorem in [13] ,we have:
Thus the constant term of numerator in X Pi as an irreducible fraction of integral polynomials in the variables x i is 1 because of
If i is a source point, we have the following short exact sequence:
Thus we can finish it by induction on P ′ . 2) For X Ii , it is totally similar.
Note that X τ Pi = x i = Proof. We only consider M is an indecomposable module. 1) When M is an indecomposable preprojective module, then by exchange relation in [2] we have:
Thus by Prop 2.1, we can prove that X M is right by induction with the help of the Hom-ordering in modCQ as in [3] . The discussion is similar for any indecomposable preinjective module.
2) When M is an indecomposable regular module, we only need to prove that it is right for any regular simple module according to Lemma 3.10 and Prop 6.2 in [7] . Now suppose M is a regular simple module. We can find an indecomposable preprojective module N such that dimExt 1 (M, N ) = 1, then we have the following short exact sequences:
where L and L ′ are preprojective modules. Then by the cluster multiplication theorem in [13] ,we have:
We have already known that the constant term of numerator in X N , X L , X L ′ as an irreducible fraction of integral polynomials in the variables x i is 1 by 1), then the constant term of numerator in X M must be 1.
Some results on tubes
Let Q be an affine quiver with the minimal imaginary root δ = (δ i ) i∈Q0 . Let M be any regular simple CQ-module with dimension vector δ for homogeneous tubes and M [i] be the regular module with top M and regular length i for any i ∈ N. Let X M be the generalized cluster variable associated to M by the reformulation of the Caldero-Chapton map. Then we have Proof. Choose a vertex p ∈ Q 0 such that δ p = 1. We assume that p is a sink. Let Q have the underlying graph not of type A n . Then there is unique edge α ∈ Q 1 with the head p and tail p ′ . It is easy to check δ p ′ = 2. The regular simple CQ-modules (denoted by M (λ)) with dimension vector δ satisfy that M (λ) α is as follows
where λ ∈ C * \ {1}. Let M (λ) and M (λ ′ ) be any two regular simple CQ-modules with dimension vector δ. We claim χ(Gr e (M (λ))) = χ(Gr e (M (λ ′ ))) for any dimension vector e. Choose any X ∈ Gr e (M (λ)). If e p = 0 or e p = 1, e p ′ = 0, it is clear that X ∈ Gr e (M (λ ′ )). If e p = 1, e p ′ = 1 and
Since both X and X ′ are preprojective modules with dimension vector e, X is isomorphic to X ′ . If e p = 1 and e p ′ = 2, the discussion is similar. Let Q be of type A n . Then there are two adjacent edge α and β. Any regular simple module M (λ) satisfies that M (λ) α is as follows:
By the similar discussion as above, we can prove that χ(Gr e (M (λ))) = χ(Gr e (M (λ ′ ))) for any dimension vector e. If p is a source, we can use the reflection functor
) is a regular simple Cσ p Q-module of dimension vector δ and R p (X) ∈ Gr σ(e) (R p (M (λ))). Since X is a preprojective module, X does not contain the simple module S p as a direct summand. This shows that there is a homeomorphism between Gr e (M (λ)) and Gr σp(e) (R p (M (λ))).
Proposition 3.2. For any m, n ∈ N and m ≥ n, we have
Thus by the cluster multiplication theorem in [13] and the fact τ M [k] = M [k] for any k ∈ N, we obtain the equation
Suppose that it is right for n ≤ k. When n = k + 1, we have
By Proposition 3.1 and 3.2, we can define
In fact m = 2 or 3 in our conditions. If we discuss in one tube, we will omit the index k for convenience. Set soc(nδ Proof. Let T be a non-homogeneous tube with rank r with regular simples E 1 , · · · , E r . We have
Thus we have:
Example 3.4. Consider r=3, we have:
Therefore:
Remark 3.5. In fact, we will give the concrete relations between X nδi and X nδj in the following Prop 6.2.
Proof.
Therefore by Prop 2.2 and the denominator theorem in [10] , we have:
Suppose it is right for k ≤ n, then on the one hand:
On the other hand by induction:
Thus the proof is finished.
We note that there exists a submodule L 1 satisfying the following short exact sequence: 
Then we can finish the proof by induction similar to Prop 3.6. 
4. an integral basis of cluster algebras for A n,n , D and E
In this section, we will prove the following main Theorem: Theorem 4.1. An integral basis of cluster algebras for A n,n , D, E is the following set denoted by {⋆}:
where L exceptional object but not regular exceptional modules, R is 0 or any regular exceptional module, T is 0 or any indecomposable regular module with self-extension and there are no extension between R and T .
Proof. From those Propositions in Section 3, we can easily find that X M X N is a Q−combinatorics of {⋆} for any objects M and N in C(Q). Then the proof is finished by the following Prop 4.3-Prop 4.6.
Remark 4.2. We can also rewrite the integral basis as {X
In the first, we need to prove the dimension vectors of these corresponding objects are different according to [3] .
It is a contradiction.
2). If L contains some τ P i as direct summand,we know that
where the i-th component is −1.
where L is an exceptional object but not regular exceptional modules, and M = T ⊕ R.
Proof. 1): When L have some τ P i as direct summand, the discussion is similar to the second part of the proof of Proposition 4.3.
M is a degeneration of L.Hence, there exists some CQ-module U such that
is an exact sequence. Choose minimal U so that we cannot separate the following exact sequence 0 −→ 0 −→ U 1 −→ U 1 −→ 0 from the above short exact sequence.
Thus M has a non-zero map to every direct summand of L. Therefore L has no preprojective modules as direct summand because M is a regular module.
Dually there exists a CQ-module V such that
is an exact sequence. We can choose minimal V so that one cannot separate the following exact sequence
from the above short exact sequence. Thus every direct summand of L has a non-zero map to M . Therefore L has no preinjective modules as direct summand because M is a regular module.
Therefore L is a regular exceptional module, it is a contradiction.
Proposition 4.5. dim(M ) = mδ for any m ∈ N, and M = T ⊕ R, R = 0.
where R i is in tube T (i). If R and T are in the same tube, we can easily find that there is an extension between R and T because of dim(M ) = mδ. It is a contradiction.
Hence, there exists some R i which is not in the same tube with T. Thus, 0
Therefore we finish the proof.
Secondly, we need to prove that it is a Z−basis.
Proposition 4.6. For any objects M and N in
Proof. We have the following equation by the cluster multiplication theorem in [13] :
Therefore by Prop 2.2 and the denominator theorem in [10] , we have b L = 1 and
Then we have the following result: Proposition 4.7.
Proof. By Prop 2.2, the denominator theorem in [10] and Theorem 4.1.
is an integral basis of cluster algebras for A n,n , D and E, then we have the following Cor 4.8 by Prop 4.7:
is an integral basis of cluster algebras for A n,n , D and E, further, there is an isomorphism of Z−algebras:
where A( − → Q ) is the cluster algebras for A n,n , D and E.
Remark 4.9. In [7] , G.Dupont has proved the following isomorphism of Z−algebras:
where n > 0.
some special cases
In this section, we will give some examples for special cases to explain our integral basis explicitly.
5.1. Z-basis for finite type. For finite type, we know that there are no regular parts in {⋆}. Thus the integral basis is exactly
which coincides with the canonical basis of cluster algebras for finite type in [3] .
Z-basis for the Kronecker quiver.
Consider the Kronecker quiver, we note that T = 0. Thus the integral basis is
which is called semicanonical basis in [5] . If we modify:
is the canonical basis of cluster algebras for Kronecker quiver in [12] . 4 . Let Q be the tame quiver of type D 4 as follows
Z-basis for D
We denote the minimal imaginary root by δ = (2, 1, 1, 1, 1) . The regular simple modules of dimension vector δ are
with linear maps
where λ/µ ∈ P 1 , λ/µ = 0, 1, ∞. Let M be any regular simple CQ-module of dimension vector δ and M [i] be the regular module with top M and regular length i for any i ∈ N. Let X M be the generalized cluster variable associated to M by the reformulation of the Caldero-Chapton map. Then we have
We define X nδ := X M[n] for n ∈ N. Now, we consider three non-homogeneous tubes labelled by the subset {0, 1, ∞} of P 1 . Let X δ1 , X δ2 , X δ3 , X δ4 , X δ5 , X δ6 be generalized cluster variables associated to regular modules in non-homogeneous tubes of dimension vector δ. The regular simple modules in non-homogeneous tubes are denoted by E 1 , E 2 , E 3 , E 4 , E 5 , E 6 , where dim(E 1 ) = (1, 1, 1, 0, 0), dim(E 2 ) = (1, 0, 0, 1, 1), dim(E 3 ) = (1, 1, 0, 1, 0) , dim(E 4 ) = (1, 0, 1, 0, 1), dim(E 5 ) = (1, 0, 1, 1, 0) , dim(E 6 ) = (1, 1, 0, 0, 1) . We note that {E 1 , E 2 }, {E 3 , E 4 } and {E 5 , E 6 } are pairs of the regular simple modules in the bottom of non-homogeneous tubes labelled by 1, ∞ and 0, respectively. Let E i [n] be the indecomposable regular module with top E i and regular length n for i = 1, · · · , 6. We set
Proposition 5.2.
[6] For any n ∈ N, we have X nδ1 = X nδ2 = X nδ3 = X nδ4 = X nδ5 = X nδ6 and X nδ1 = X nδ + X (n−1)δ where X 0 = 1.
By a direct calculation from {⋆}, we can obtain the following integral basis for D 4 explicitly:
where E i,j denotes E i or E j . We note that the product of two elements of the Z-basis has positive coefficients in its expansion in the basis [6] . According to Proposition 5.2, we can obtain the same integral basis as [6] if replacing X mδ by X mδ1 .
Remark 5.3. In fact, by a direct calculation from
X d1 S1 X d2 S2 · · · X dn
Sn we can prove the following is an integral basis of cluster algebras for
A 1,1 , D 4 , but not according to Cor 4.8 {X d1 S1 X d2 S2 · · · X dn Sn : (d 1 , · · · , d n ) ∈ Z n }.
the inductive cluster multiplication formula in tubes for acyclic quivers
In this section, by using the cluster multiplication theorem in [13] we will give a more clearly inductive cluster multiplication formula in an arbitrary fixed tube for acyclic quivers. Then by this inductive cluster multiplication formula, we can easily express X T1 X T2 as a Z−combinatorics of the basis of cluster algebras for A n,n , D and E where T 1 , T 2 are basis elements in this fixed tube. Now we fix a tube with rank r and these regular simple modules are E 1 , · · · , E r with τ E i+1 = E i where E i = E i+mr for 1 ≤ i ≤ r and m ∈ N. Denote soc E i [n] = E i for n ∈ N. With these notations, we have the following inductive cluster multiplication formula:
Proof. We only prove (1) and (2) is totally similar to (1).
1):When k = 1, by k + i ≥ r + j and 1 ≤ j ≤ i ≤ r =⇒ i = r and j = 1. Then by the cluster multiplication theorem in [13] , we have:
When k = 2, by k + i ≥ r + j and 1 ≤ j ≤ i ≤ r =⇒ i = r or i = r − 1 : For i = r =⇒ j = 1 or j = 2:
The case for i = r and j = 1, we have
The case for i = r and j = 2, we have
Suppose it is right for k ≤ n,then by induction we have:
Then by the cluster multiplication theorem in [13] , we have:
For i = l + j, we have:
For i + 1 = l + j, we have:
Suppose it is right for k ≤ n, then by induction we have:
It is trivial by the definition.
Proof. It is easy to see that:
Similarly we have:
. . .
Note that in above section, we have already obtained an integral basis of cluster algebras for A n,n , D and E. Now by using Theorem 6.1 and Prop 6.2 we can easily express X Ei[m] X Ej [n] as a Z−combinatorics of the basis of cluster algebras for A n,n , D and E where E i [m] and E j [n] are basis elements in one fixed tube. In the following section, we will explain it by an example.
an example
We consider a tube with rank 3. By using Theorem 6.1, we can easily obtain the following Propositions.
Proof. (1): By using Theorem 6.1, then {cluster monomials} {X M ⊕n λ ⊕E : n ≥ 1, E are rigid regular modules} We will use Theorem 4.1 and the above result in [8] to give an integral basis of cluster algebras for affine type. Proof of Theorem 1.1. By Theorem 4.1, we only prove {⋆} is an integral basis of cluster algebras for A r,s ,where r + s is odd. For A r,s , by Theorem 3.25 in [8] and Theorem 6.1, we have
where a L ′ , a T ′ ⊕R ′ ∈ Z, dim(T ⊕ R) = dim(M ⊕n λ ⊕ E) and X T ⊕R , X T ′ ⊕R ′ ∈ {⋆}. Thus from above upper triangle equations and these dimension vectors of M ⊕n λ ⊕ E in [8] , we have:
⊕E : n ≥ 1, E are rigid regular modules} = {X T ⊕R |dim(T 1 ⊕R 1 ) = dim(T 2 ⊕R 2 )} where R is 0 or any regular exceptional module, T is any indecomposable regular module with self-extension and there are no extension between R and T .
Also we have:
Therefore {⋆} is an integral basis of cluster algebras for A r,s .
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